Abstract. We show that if a bounded domain Ω is exhausted by a bounded strictly pseudoconvex domain D with C 2 boundary, then Ω is holomorphically equivalent to D or the unit ball, and show that a bounded domain has to be holomorphically equivalent to the unit ball if its Fridman's invariant has certain growth condition near the boundary.
Introduction
In [18] , Fridman introduces a new invariant for bounded domains as follows. Let D ⊂ C n be a bounded domain and z ∈ D. Let f : B n → D be a holomorphic injective map such that f (0) = z, where B n is the unit ball in C n . We define q D,f (z) to be the supremum of all r > 0 such that B , where the supremum is taken to be all injective holomorphic maps f : B n → D with f (z) = 0.
Form the definition, it is clear that h D is invariant under biholomorphic transformations. Some basic results about the invariant h D were proved in [18] . The most important one says that for a bounded strictly pseudoconvex domain D with C 3 boundary, h D (z) tends to 0 as z goes to the boundary. In [6] , Deng-Guan-Zhang introduce another invariant of bounded domains, called squeezing function, as follows. Let D be a bounded domain in C n and z ∈ D. For an injective holomorphic map f : D → B n with f (z) = 0, we define
and define
where the supremum is taken over all injective holomorphic maps f : D → B n with f (p) = 0, and B n (0, r) is the Euclidean ball in C n with center 0 and radius r. As z varies, we get a function s D on D, which is called the squeezing function of D.
By definition, a bounded domain is called homogenous regular if its squeezing function has positive lower bound. The notion of homogenous regular domains was introduced and studied in [22, 23] , and was called uniform squeezing domains and systematically studied in [29] .
In addition to the works in [22] [23] [29] , the new motivation for introducing the concept of squeezing function is boundary estimate. The study of boundary estimate of squeezing functions was initiated in [6] and was further developed in [10] [7] . In recent years, boundary estimate of squeezing functions and their applications in different settings were extensively studied by different authors (see e.g. [11] 
It is proved by Fridman that there are domains in C m which can exhaust all domains [18] . It is also observed by Fornaess that the unit ball B n can exhaust many domains which are not biholomorphic to each other [12] . However, if we restrict on bounded domains, things become very different. For example, it is easy to prove that if a bounded domain Ω can be exhausted by a homogenous domain D, then Ω must be holomorphic equivalent to D (see [18] ).
In [18] , Fridman shows that if a bounded domain Ω can be exhausted by a bounded strictly pseudoconvex domain D with C 3 boundary, then Ω must be biholomorphic to D or the unit ball B n . The proof is based on the boundary estimate of h D for strictly pseudoconvex domains with C 3 bounday. In this note, applying the estimate of squeezing functions in [7] and based on Firdman's idea, we show that the same result still holds if the boundary regularity of D is reduced to C 2 .
boundary. If a bounded domain Ω ⊂ C n can be exhausted by D, then Ω must be biholomorphic to D or the unit ball B n .
Another result in this note about exhausting domains is the following Theorem 1.2. If a bounded domain Ω can be exhausted by a homogenous regular domain, then Ω is homogenous regular.
Another purpose of the present note is to give an boundary estimate of h D . By comparing with squeezing functions, we consider a variant e D of h D which is defined by
.
Then e D (z) ∈ (0, 1] and is set to be 1 if h D (z) = 0.
If there is a sequence z j ∈ D (j ≥ 1) converging to p and a sequence of positive numbers ǫ j (j ≥ 1) converges to 0 such that e D (z j ) > 1 − ǫ j δ(z j ) for all j, then D is biholomorphic to the unit ball, where δ(z) denotes the distance between z and ∂D.
By the decreasing property of the Kobayashi metric, it is obvious that s D ≤ e D for all bounded domains (see [28] ). So as a corollary of Theorem 1.1, we get the main result of Diederich-Fornaess-Wold in [10] which says that, for a bounded strictly pseudocovnex domain D with C 2 boundary which is not biholomorphic to the unit ball, s D (z) ≤ Cδ(z) for some constant C.
On the other hand, it is proved by Fornaess-Wold that for a bounded strictly pseudoconvex domain D with C 4 boundary, the estimate
holds for some constant C > 0 [16] . Combing this result with Theorem 1.3, we obtain the following Corollary 1.4. Let D be a bounded strictly pseudoconvex domain with C 4 boundary. Then there exists a constant C > 0 such that
It seems that for a strictly pseudoconvex domain D, the boundary behaviour of e D (z) and s D (z) are very similar. So we conjecture that the following comparison
holds.
During the preparation of this note, a paper of Nikolov and Verma [28] discussing some related topics appears in arXiv. After the first version of this note appeared in arXiv, Professor Nikolai Nikolov pointed out to the authors that Theorem 1.3 in this note is contained in Proposition 8 in [28] . Proposition 8 in [28] is stated for squeezing functions and itself can not contain Theorem 1.3. But after looking into the details of its proof, we realized that the same argument can give a proof of Theorem 1.3.
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Exhausting a domain by strictly pseudoconvex domains
The aim of this section if to prove Theorem 1.1. We first recall some results about squeezing functions from [6] [7] .
In [7] , the domains D k are required to be increasing, but the same proof can give the result in the above lemma. We can now give the proof of Theorem 1.1. For convenience, we restate it here. k (w 0 ); k ≥ 1}. We first assume that the set has an accumulation point z 0 ∈ D. Without loss of generality, we may assume lim k→∞ z k = z 0 . Let
By Montel theorem, we may assume f k converges to f : D → C n and g k converges to g : Ω → C n uniformly on compact sets. We want to show that f (D) ⊂ Ω and
By Cauchy inequality, we see J g (w 0 ) = 0 and J f (z 0 ) = 0, where J f and J g are the Jacobian of f and g. By Rouché's theorem, J f = 0 and J g = 0 everywhere. In particular, f and g are locally biholomorphic. By the generalized Ruché's theorem for holomorphic maps (see [24] ), we have f (D) ⊂ Ω and g(Ω) ⊂ D. Then the equalities f • g = Id Ω and g • f = Id D follows obviously. Therefore, in this case, we get that Ω is biholomorphic to D.
We now assume that {z k := f −1 k (w 0 ); k ≥ 1} has no accumulation point inside D. Then we may assume that lim k→∞ z k = p for some p ∈ ∂D. By biholomorphic invariance, we have
. By Lemma 2.3, we have lim k s D (z k ) = 1 and hence s Ω (w 0 ) = 1. By Lemma 2.1, Ω is biholomorphic to the unit ball.
Exhausting domains by homogenous regular domains
In this section we give the proof of Theorem 1.2, which says that a domain is homogenous regular if it can be exhausted by a homogenous regular domain.
Recall that a bounded domain D is called homogenous regular if the squeezing function s D of D has a positive lower bound.
We now give the proof of Theorem Theorem 1.2.
Proof of Theorem Theorem 1.2. Let D be a homogenous regular domain. We assume that s D ≥ c for some constant c > 0. Assume that Ω is a bounded domain that can be exhausted by D. We want to show that s Ω ≥ c and hence Ω is also homogenous regular. Let f k : D → Ω be holomorphic injective maps such that for any compact set
Let w ∈ Ω and set
. By invariance of squeezing functions under biholomorphic transformations, we have
Since w is arbitrary, s Ω ≥ c and hence Ω is also homogenous regular.
Boundary estimates of Fridman's invariants
This section is to prove Theorem 1.3. We first give an estimate of upper bound of the Kobayashi distance of a bounded domain near a C 2 boundary point.
Then there exists a constant C such that
for p in some small neighborhood of p, where δ(z) is the Euclidean distance from z to ∂D.
Proof. By some basic results from differential topology, there is an open neighborhood U such that for any z ∈ U ∩D there is a unique point π(z) ∈ U ∩∂D such that δ(z) = d(z, π(z)). Let r > 0 be sufficiently small and let M := {z ∈ V ∩ D; δ(z) = r}, where V ⊂ U is an open neighborhood of p such that V ⊂ U . Then for any z ∈ M , the 1-dimensional complex disc ∆ z in the direction π(z) − z centered at z and with radius r is contained in D. Now for any z ∈ D which is sufficiently close to p, we can find a unique a ∈ M such that z ∈ ∆ a . By the triangle inequality and decreasing property for Kobayashi distance, we have
Note that M is compact and r is independent of z, D(z 0 , z) ≤ C + log 1 δ(z) for some constant C > 0.
We now give the proof of Theorem 1.3. For convenience, we restate it here.
n be a bounded domain and p ∈ ∂D be a C 2 boundary point of D. If there is a sequence z j ∈ D (j ≥ 1) converging to p and a sequence of positive numbers ǫ j (j ≥ 1) converges to 0 such that e D (z j ) > 1 − ǫ j δ(z j ) for all j, then D is biholomorphic to the unit ball, where δ(z) denotes the distance between z and ∂D.
Proof. We will show that D can be exhausted by the unit ball B n . Let s j = 1 − ǫ j δ(z j ) and let r j = log 1 + s j 1 − s j = log 2 + ǫ j δ(z j ) ǫ j δ(z j ) .
By definition of e D (z), for each j, there is a holomorphic injective map f j : B n → D such that f j (0) = z j and B 
